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Calculations of scattered light from rigid polymers by Shifrin and
Rayleigh-Debye approximations

Marilyn F. Bishop
Department of Physics, Virginia Commonwealth University, Richmond, Virginia 23284-2000

We show that the commonly used Rayleigh-Debye method for
calculating light scattering can lead to
significant errors when used for
describing scattering from dilute solutions of long rigid polymers, errors that
can be overcome by use of the easily
applied Shifrin approximation. In order
to show the extent of the discrepancies
between the two methods, we have
performed calculations at normal incidence both for polarized and unpolarized incident light with the scattering
intensity determined as a function of
polarization angle and of scattering

ABSTRACT

angle, assuming that the incident light is
in a spectral region where the absorption of hemoglobin is small. When the
Shifrin method is used, the calculated
intensities using either polarized or
unpolarized scattered light give information about the alignment of polymers, a feature that is lost in the Rayleigh-Debye approximation because
the effect of the asymmetric shape of
the scatterer on the incoming polarized
electric field is ignored. Using sickle
hemoglobin polymers as an example,
we have calculated the intensity of light
scattering using both approaches and

found that, for totally aligned polymers
within parallel planes, the difference
can be as large as 25%, when the
incident electric field is perpendicular to
the polymers, for near forward or near
backward scattering (00 or 1800 scattering angle), but becomes zero as the
scattering angle approaches 900. For
randomly oriented polymers within a
plane, or for incident unpolarized light
for either totally oriented or randomly
oriented polymers, the difference between the two results for near forward
or near backward scattering is 15%.
-

1. INTRODUCTION
Fibrous proteins that can be described approximately as
long rigid cylindrical polymers appear in many biological
contexts, showing a large range of diameters and lengths
and biological functions. Some of these are an integral
part of the structure, such as intracellular cytoskeletal
structural proteins, including actin (in microfilaments of
7-9 nm in diameter) (O'Brien and Dickens, 1983), tubulin (in microtubules of 25 nm in diameter)(Amos, 1982;
Purich and Kristofferson, 1984; Mitchison and Kirschner, 1984a, b) and intermediate filaments (7-11 nm in
diameter) (Steinert, 1981). Also in this category are
myosin filaments (110-150 nm in diameter) (Craig and
Knight, 1982), which work in association with actin in
muscle and many microscopic forms of cell motion;
collagen (10-500 nm in diameter)(Serafini-Fracassini,
1982; Traub and Piez, 1971), a fibrous proteins of
connective tissue and a major component of the cornea
(Maurice, 1957, 1962; Goldman and Benedek, 1967;
Hart and Farrell, 1969; Cox et al., 1970; Benedek, 1971;
McCally and Farrell, 1976; Farrell and McCally, 1976;
Andreo and Farrell, 1982); crystallin (Delaye and Tardieu, 1983), an eye lens protein; and fibrin (Casassa,
1955; Hantgan and Hermans, 1979), a plasma protein.
Others are destructive, leading to disorders and diseases.
These include sickle hemoglobin (20 nm in diameter)
(Dykes et al., 1979), which as the result of a mutation
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forms fibers that rigidify the red blood cell and lead to
sickle cell disease; many types of viruses, especially
tobacco mosaic virus (15 nm) (Oster et al., 1947); and
amyloid (4-22 nm in diameter) (A. S. Cohen et al.,
1982), the fibrous tissue of amyloidosis, a disorder widespread in the animal kingdom. In order to calculate light
scattering from a dilute solution of fibers from any of
these systems, it is necessary to know only the dimensions
and dielectric function or index of refraction of the
fibers.
Elastic light scattering and turbidity have been widely
used as a probe of the formation of fibers in solution since
they can give information about the quantity of material
polymerized, and if used to study the evolution of a system
over time, provide information about the kinetics of
polymerization. For example, studies have been done with
epidermal keratin intermediate filaments (Steinert et al.,
1976), actin (Wegner, 1982; Wegner and Savko, 1982),
microtubules (Gaskin et al., 1974, Berne, 1974), collagen
in the cornea (Maurice, 1962; Hart and Farrell, 1969;
Benedek, 1971; McCally and Farrell, 1976; Farrell and
McCally, 1976; Andreo and Farrell, 1982); crystallin
(Delaye and Tardieu, 1983), fibrin (Casassa, 1955; Hantgan and Hermans, 1979), tobacco mosaic virus (Oster et
al., 1947), and sickle hemoglobin (Pumphrey and Steinhardt, 1976; Hofrichter et al., 1978; Elbaum et al., 1978;
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Adachi and Asakura, 1978, 1979, 1982, 1983; Ferrone et
al., 1980; Christoph and Briehl, 1983; Madonia et al.,
1983; Ferrone et al., 1985a; Hofrichter, 1986; Briehl and
Christoph, 1987; Ferrone, et al., 1987; Basak et al.,
1988). If the polymerized particles are nonspherical in
shape, analysis of the angular distribution of scattering,
the wavelength dependence, and the polarization of the
scattered light can give information about the shape and
alignment of polymers (van de Hulst, 1981; Bohren and
Huffman, 1983; Camerini-Otero and Day, 1978; Berne,
1974).
This paper shows that the usual Rayleigh-Debye
approximation (Zimm et al., 1945; Debye, 1947; Zimm,
1948; Debye and Bueche, 1950; Zimm and Dandliker,
1954; Landau and Lifshitz, 1960; Tanford, 1961; Kerker,
1969; Kratochvil, 1972; Berne, 1974; Berne and Pecora,
1976; van de Hulst, 1981; Bohren and Huffman, 1983;
Burchard, 1983) for the analysis of polarized elastic light
scattering from polymers can lead to significant errors,
both qualitative and quantitative. The paper further
shows that some of these can be overcome with the use of
the equally simple Shifrin approximation (Shifrin, 1951),
as modified by Acquista (1976, 1980) and L. D. Cohen et
al. (1983), which yields the same result as the exact
solution of Maxwell's equations (Mie theory) where that
is available. We will assume here that the concentration
of polymers in solution is sufficiently dilute that the
polymers scatter independently, so that the total intensity
of light scattering, i.e., the turbidity, is simply proportional to the concentration of monomers incorporated into
polymers.
As a qualitative illustration of these theoretical limitations of the Rayleigh-Debye method, we will consider
sickle hemoglobin, which polymerizes when deoxygenated into long rigid polymers. (Ferrone et al., 1980,
1985b, 1987; Hofrichter, 1986, Eaton and Hofrichter,
1987; Basak et al., 1988). In the early stages of polymerization of sickle hemoglobin, i.e., the first 10% of the
reaction, the concentration of polymers is sufficiently low
that the assumptions of this paper should apply, even if
the polymers form clumps of aligned polymers such that
the radii of clumps are much less than the wavelength of
light. In addition, if the samples are prepared in a high
phosphate solution, the concentration of polymers
remains low throughout the time course of the reaction
(Adachi and Asakura, 1978, 1979, 1982, 1983) and the
approximations of this paper may apply to the entire time
course of the reaction.
The paper is organized as follows. In Sec. II, we present
the Rayleigh-Debye method for light scattering, and in
Sec. III the Shifrin method. In Sec. IV, we derive the
exact (Mie) solution for light scattering from a infinitely
long cylinder and show that the Shifrin method, and not
the Rayleigh-Debye method, agrees with this result to
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first order in small quantities. In Sec. V, we present
results of calculations using the Shifrin and RayleighDebye approaches for the case of sickle hemoglobin
polymers in solution in order to illustrate the qualitative
and quantitative differences in the results. In Sec. VI, we
present the conclusions, and in the Appendix, we explain
our method for determining the dielectric constant inside
a sickle hemoglobin polymer and the effective dielectric
constant for the hemoglobin solution surrounding the

polymers.

II. RAYLEIGH-DEBYE METHOD

The Rayleigh-Debye, or Rayleigh Gans, method for
calculating the light scattered from small particles is an
extension of the Rayleigh scattering method for very
small (spherical) particles. In Rayleigh scattering, one
assumes that a light beam incident on a particle small
compared with the wavelength X induces an oscillating
dipole in that particle, which in turn produces scattered
radiation in the form of a spherical wave. For unpolarized
incident light with intensity Io, the scattered intensity is
given by the well-known formula (Landau and Lifshitz,
1960; Tanford, 1961; Kerker, 1969; van de Hulst, 1981;
Bohren and Huffman, 1983),
I = [Iok 4la12/2r2] (1 +

(2.1)
where is the polarizability of the particle, ko = 27r/X is
the wave vector of the incident light, r is the distance from
the scattered particle to the observer, and 0 is the angle of
scattering relative to the incident beam. If the particle is
assumed to be spherical with radius a, and if ma, the index
of refraction inside the particle divided by the index of
refraction of the surrounding medium, is close to one, i.e.,
ma
1, then a is given by
a = a3(ma
1)/(m' + 2) (V/2wr)(ma 1). (2.2)
where V = (47r/3)a3 is the volume of the particle. In order
for the Rayleigh approximation to be valid, one must
satisfy both the conditions that a << X/2r and that
(ma 1) la << X/27r, i.e., not only should the particle be
small compared with the wavelength outside the particle,
but also compared with the wavelength inside the parcoS2 0),

a

z

-

-

-

-

ticle.
In Rayleigh-Debye scattering (Zimm et al., 1945;
Debye, 1947; Zimm, 1948; Debye and Bueche, 1950;
Zimm and Dandliker, 1954; Landau and Lifshitz, 1960;
Tanford, 1961; Kerker, 1969; Kratochvil, 1972; Berne,
1974; van de Hulst, 1981; Bohren and Huffman, 1983),
larger particles are assumed to be composed of arrays of
small spherical particles, each with a polarizability a as
given in Eq. 2.2 above, with the approximation that the
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index of refraction should not vary appreciably from that
of the surroundings, i.e., 1(ma 1) < 1. However, the
conditions stated above for Rayleigh scattering must now
be satisfied by the largest dimension of the particle.
Because of the simplicity of this method, the results are
used in a wide range of applications, and unfortunately
often beyond this domain of validity. In the following
sections, we will discuss some of the consequences of this
-

misuse.

In order to illustrate the Rayleigh-Debye method, we
begin with the introduction of a coordinate system in
which we allow a specific polarization for both the
incident and scattered light beams (See Fig. 1). We
assume that the direction of propagation of the incident
beam of light, with wave vector ko, is along the unit vector
e, (in the positive z direction) and the direction of the
scattered beam, with wave vector ks, is along the unit
vector er, where both wave vectors have the same magnitude ko 2ir/X, and where er is in the direction r specified
by the angles and The scattering plane is then defined
as the plane containing both e, and er. The directions of
the incident electric field for parallel and perpendicular
polarizations relative to the scattering plane are in the x-y
plane and are given by the unit vectors e0ll and e0o, where
e0o x eoll e,, the direction of propagation of the incident
beam. In order for the cross product of the scattered field
directions to be in the direction er of the scattered beam,
=

4.

=

we choose

e51

=

ea and e,1

=

eo=

-e, so
,

that e,l

x

e.=

er.

Suppose the polarization of the incident beam is such
that the incident electric field Eo makes an angle -y with
the x-axis in Fig. 1. Then in terms of these unit vectors,
Eo ei(1t-"') [Eo0eol

EOLeO±I

+

y)eoj], (2.3)
Eoei(kz-wt)
-y)eo0 + sin
so that if (4
y) 0, then the incident field Eo is parallel
y) xr/2, it is perpento the scattering plane, and if (4
dicular to that plane. If we then write the scattered
[cos (4

-

=

-

-

=

electric field as
Es

=

[E.1e.,

E_Le,_].

+

(2.4)

then the incident and scattered fields are related by
E

1)

(m ,

(E l )-(k

I'E0

Cos

cos
V)
e-Eo±

-

27rr

)

(2.5)

where V is the total volume of the sample and f(0, 4) is
the scattering form factor. If f(0, 0) were equal to one,
then these expressions would be precisely what one
obtains for Rayleigh scattering. This form factor is a sum
over all the phases 6 of different parts of the particle
relative to an arbitrary origin and, if we assume that all
parts of the particle have the same polarizability, may be
written in integral form as

f(0,4))

=

(1/V)
v

e'6ad

(2.6a)

V.

The relative phase 6 of various points in the body is given
by
6
(2.6b)
koR * (e, er),
=

-

where R is the vector from the origin to the point of
scattering. In these expressions, we assume that the
particle is much smaller than the distance to the point of
observation. The factor cos in Eq. 2.5 for E,n is a purely
geometrical factor. For the incident field parallel to the
scattering plane, factor cos projects the incident field
into a plane perpendicular to the scattered wave vector ks,
while for the incident field perpendicular to the scattering
plane, the factor is unity, since the incident field is already
perpendicular to ks.
Once we know the scattered field, the complex Poynting vector S is given by
XTI Zc,elc

FIGURE 1 Geometry for light scattering calculations, where ko is in the
direction of the incident beam and k, is in the direction of the detector.
The polymer from which the light is scattered has its axis in the x-y
plane along the direction XT, zc, or elr, as shown. The scattering plane is
defined by the vectors ko and k,. Other variables are defined in the text.
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(2.7)
H*,
where the real part is the time averaged intensity of light
in the direction of propagation of the beam. If r is
sufficiently large that we are in the far field region, we
have for the scattered Poynting vector:

S

Scaftered Light from Rigid
Polymers
Rigid Polymers
Scattered

Light from

=

S, (ckO/87rw)
=

(c/87r)E

IEJ12e,

=

x

IO IE5I2/ IEO12e,

=

Ie,,

(2.8)
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where I and Io are the intensities of the incident and
scattered light, respectively. Thus from Eqs. 2.5, 2.7, and
2.8, we find that, for specific incident polarizations either
parallel or perpendicular to the scattering plane, the
scattered Poynting vector is:
[14(M2

2

where J, (u) is the Bessel function of the first kind of order
In this expression, A1 is defined in terms of the angle r
between the cylinder axis (or the axis of a single disk) and
the incident beam and in terms of the angles 0 and X of
Fig. 1 that determine the direction of propagation of the
scattered beam:

one.

(E22E)
/
cos|

1)4

cos

(27rr)

Ls4

(E02 /E O)

VL20,

JI

i/

= -

where

Alternatively, the scattered field may be written in terms
of a unit polarization vector ep,,RD in the direction of the
scattered field. In terms of unit vectors parallel and
perpendicular to the plane of scattering, where we write
the incident field as in Eq. 2.3, this unit polarization
vector may be written as
ep,,RD

=

[cos 0 cos (

- yy)e51

+

sin (

')e,/

- y

TP,RD9
(2.1Oa)

TPRD

=

[COS' 0 COS

(

-

')

+

sin' (5 - y) ] /2. (2.1Ob)

+

sin r cos (0/2) cos (4

-

Xc,
(2.14)

is the angle of the cylinder axis relative to the

x-axis.

For a thin rod, i.e., koa << I,f (0,4) reduces to

ftw.(04O) = G [(koQ sin (0/2) cos

(2.15)

t].

For light incident perpendicular to the cylinder axis,
v = 90' and cos ,6 = cos (0/2) cos (4 - 4k), so that
fj(0, 4) = F {koa[2(1 -cos 0) sin2 0 cos2 (4- .)]1/2}
G {(koQ/2) sin 0 cos (4. - 4)I.
(2.16)
-

k,

and to epJ,RD is

(2. lOc)

This will be used later in Sec. V in the comparison of
results of the Shifrin method with those of the RayleighDebye method.
Using Eq. 2.10, the scattered field may be written, as
an alternative to Eq. 2.5, in the simplified form
=

[k2 (ma

1)/2rr]E0e'(k-') Vf(o,

k) Tpe,,RD.

,t]

* G [kol sin (0/2) cos A], (2.12)

with
F(u)

=

2J,(u)/u;

G(u)

=

-

and is essentially zero away from this value, so the cos
Xc) > 0. This means that 0 can take any value from 0
to ir without affecting the position of this scattering peak.
The physical consequence of this is that light is scattered
mostly in directions perpendicular to the cylinder axis.
In order to compare the angular dependence of Rayleigh-Debye scattering for a cylinder with Rayleigh scattering from a sphere, it is useful to write the ratio of the
scattered to incident intensities for Rayleigh-Debye scattering, which comes simply from combining Eqs. 2.8 and
2.11:

IIO= (Ej2 + E2JIE2
[kO(ma 1)2/(27rr)2] V2f2(0,

=

F[2koa sin (0/2) sin

0

-

(2.1 1)

Note that when 0 0 (forward scattering), the scattered
field is parallel to the incident field. This will not necessarily be true in the Shifrin method, as we will see.
For scattering from a circular cylinder, the angular
scattering form factor f(0, 4) may be obtained by the
following procedure. First perform the integration given
by Eq. 2.6a over a representative circular disk of radius a,
with y extending from the center of the disk to the radius,
and second, sum all the disks along the length of the
cylinder, with z ranging from -Q/2 to Q/2. The total
expression then becomes
=

=

900,

(4

ep, 1RD = [-sin (-y)e,i + cos 0 cos ( y-y) e,± ] / TP,RD-

Es

GI(koR/2) sin cos (4 - Oj)}. (2.17)
For a long thin rod,f± hin(0,4) peaks sharply at (4
Xc
f±,thin(0, 4)

-

The unit vector perpendicular both to
then given by:

914

r sin (0/2)

For a thin rod, i.e., koa << 1, Eq. 2.16 reduces to

where

f (0, ¢)

cos

(2.9)

sin u/u,
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[COS2 0 COS2 (4-y)

+ sin2 (4

4)
-

y)].

(2.18)

For unpolarized (natural) incident light,
all angles -y, yielding the result:

one must aver-

(1/2) [k4(ma.- 1)2/(27rr)2]

+

age over

I/IO =

V2f2

(0',O)(COS2 0

1).
(2.19)

This is the same as averaging over values of
or
averaging over all directions of cylinders within a plane
perpendicular to the incident beam. From Eq. 2.19, it is
clear that for Rayleigh-Debye scattering, the difference
between cylinders and spheres lies completely in the
factorf 2(0, 4), as can be seen by comparing with Eqs. 2.1
and 2.19, i.e., whenf 2 (0, ) 1, Eq. 2.19 is identical with
=
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Eq. 2.1. For particles oriented randomly, this factor must
be averaged over all solid angles, giving the factor P(0) by
which the intensity of the Rayleigh formula has to be
multiplied in order to obtain Rayleigh-Debye scattering:
(2.20)
P(0) =f2(0 4) = (1 /4ir) ff 2(0, ) dg,
where the values of 0 and X are fixed and the integration
over the solid angles (dQ) represents an average over all
the orientations that the particles can have. For thin rods,
using Eq. 2.15, this becomes

P(0)

f 2,(0,

0)

=

I

G2(Z

cs

O d(cos O

equations for

(1/z) f2z [sin w/w] dw

-

[sin z/z]2, (2.21)

where z koQ sin 0/2.
This same result, with randomly oriented cylinders and
unpolarized incident light, has been obtained by other
methods (Zimm et al., 1945; Debye, 1947; Zimm, 1948;
Debye and Bueche, 1950; Zimm and Dandliker, 1954;
Landau and Lifshitz, 1960; Tanford, 1961; Kerker, 1969;
Kratochvil, 1972; Berne, 1974; Berne and Pecora, 1976;
van de Hulst, 1981; Bohren and Huffman, 1983). In these
derivations one usually obtains first an expression for
P(0) for any set of randomly oriented particles, given by
=

n

P(0)

=

(1/n2)

n

E [sin (gh11)/1thIj],

(2.22)

solution of particles,

E = V(V * Z) + k2 Z;

we

define the Hertz

H =

-(ic/co)k2(V x Z); (3.2)

where ko is the wave vector of the incident light, as in Sec.
II, with k' = (c2/c2)E,, where es = n2 is the dielectric
constant of the solution surrounding the particles of
interest, with ns the corresponding index of refraction.
Eqs. 3.1 and 3.2 can be combined, using the vector
identity, V x V x Z = V(V Z) - V2Z, to yield the
simple form

koZ = [E (1/E,)D] [1 (E/e5)]E, (3.3)
where the displacement vector is written as D eE, withe
given by
V2Z

=

a

vector Z such that

+

=

-

-

=

inside the particles
(3.4)
es in the solution surrounding the particles.

IE

f=

Eq. 3.3 may be solved by the Green's function method,
yielding the following integral form for the Hertz vector:
Z =

[Eo(r) * r] [ko/(ikg)] exp (ikor)
[1 -

(1 /4ir) f d3r'
(e/4)]E(r') exp [ikoir r'|]/Ir r'|, (3.5)
-

-

-

where r is the vector from an arbitrary origin to the point
of observation, r' is the vector from the origin to a point
within the source of scattering, and Ir r'l is the distance
between the observational point and the point at which a
source is located. The first term of this solution arises
from the plane wave incident on the particle, and the
second term from the response of the particles to this
wave. Note that this second term contributes only for
positions inside the particles, where
Ep, since it is zero
in the solution around the polymers, where e es. Using
Eq. 3.5, we may now write E(r) using its definition in
terms of Z, as given in Eq. 3.2, as:
-

where n is the number of scattering subunits, h1 is the
distance between the ith and jth subunits, and ,u (4 7r/X)
sin (0/2). We will not use this approach, since we are
interested in determining whether the polymers align,
where the use of polarized incident and polarization
analyzed scattered light is important.
=

E

=

=

111. SHIFRIN METHOD

One of the limitations of the Rayleigh-Debye method is
the restriction on the dimensions of a particle, all of which
must be smaller than the wavelength of light. Another
method, originally introduced by Shifrin (1951) and more
recently extended by Acquista (1976, 1980a) and L. D.
Cohen et al. (1983) employs a method that is almost as
simple to apply in practice, but that is free of this
fundamental size limitation. The general method developed by Shifrin (1951) starts with Maxwell's equations
for nonmagnetic particles, with no free charges or currents, assuming a harmonic time dependence e-iit, as in
Sec. II, for the fields. Only two of Maxwell's equations,
given by
V

x

E

are necessary

Biho
Bishop

=

(iw/c)H;

V

x

H

=

-(iw/c)D,

(3.1)

for this derivation. In order to solve these

Sctee
Scaftered Lih fro
from Rigi

Light

E(r)

Eo exp [i(ko r wt)] + (1/47r)(grad div + kg)
f d3r'[(e/4) I]E(r') exp [ikolr r'I]/Ir r'l. (3.6)
The first term on the right hand side of Eq. 3.6 is the
incident electric field, and the second is the electric field
caused by the scattering particle. The solution of Eq. 3.6
can be found by iteration as follows. One first proposes an
approximate value for E(r') on the right hand side of the
equation and solves for E(r) on the left hand side. This
new value of E(r) is now substituted as E(r') on the right
hand side and the process is repeated until the expression
substituted in the right hand side agrees, to within the
desired accuracy, with the value generated for the left
hand side. The Shifrin approach is to estimate the electric
field E(r) inside the particle from which the light is
scattered, in terms of its static polarizability, and use this
as the start of an iterative approach. The total field is then
=

Rigid Po.lymers915
Polymers

-

915

written as a series of successive approximations to be
determined by iteration, where the factor [(e/es) 1]/
(4wr) becomes the expansion parameter. To second order,
E(r) = E,(r) + E2(r) becomes (Acquista, 1976; L. D.
Cohen, et al., 1983):

(Acquista, 1976):

-

E(r)

-

Eo exp [i(ko *

r

wt)]

+

{[(e/e,)

+

{[(E/e,)

-

E

AjjECff,J(r),

where
(A1C

°

A= °
0

AIC.

(3.8b)

-

-

916
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r'l]/Ir

1, inside the particle
O, outside the particle.

-

r'I,

(3.9a)

(3.9b)

In this order the effective field inside the cylinder is taken
= EO(r'). We have
written (grad div + k') explicitly in terms of Cartesian
components, where EO,,(r') is the mth Cartesian component of EO(r'). If A,C = Ag,, then in first order one would
recover the Rayleigh-Debye theory. The expression may
be simplified for the case of a cylindrical particle as (L. D.
Cohen et al., 1983):
to be the incident field i.e., ECff(r')

El = {exp [i(kor

-

wt)]/r]kou(k0e, ko)
-

EOA,Ic TpShiffine;*,hjfrin (3 1Oa)

*

where
EOAic Tpshifrin ep,Shiffi,

Eoyceyc)ALc
+ EozcezcAic]_, (3.1 Ob)
where er is a unit vector in the direction of the scattered
light entering the detector, ko is the wave vector of the
incident wave, and [], means that the component of the
enclosed vector that is perpendicular to the detector
direction e, should be taken. The pupil function u(K) is
the Fourier transform of U(r) and is written for a cylinder
=

[(EOce%c

+

as

u(K)

=

f d3r' U(r')

exp

(iK * r')

wra22F(K,ca)G(KicR/2). (3.11)
F(u) and G(u) are the functions defined in Eq. 2.13. In
these functions, K = (koer ko), where Kic and K±c are
=

-

the components of K parallel and perpendicular to the
cylinder axis, given for light incident perpendicular to the
axis of the cylinder by
-

o)

(3.12a)

Klr = ko[2(1 cos 0) cos20 sin2 (o O )]1/2. (3.12b)
This means that u(K) may be written simply as
-

Here ac± = {[(1/es)
- 1]/(47r)}A,c is the polarizability
with the electric field perpendicular to the axis of the
cylinder, and aic {[(e/e,) 1]/(4ir)}Aic is the polarizability with the electric field parallel to the axis of the
cylinder. The first order solution is found from Eq. 3.7 by
keeping all terms up to and including {[(c/c,)
1]/
(47r)IE1, where the ith component of El is given by
=

E AjmEom(r')

K= ko sin 0 cos (k

°

A,c °
0

k6bij]

* U(r') exp (iko * r') exp [ikoir

1] /(47r)2E2. (3.7)

(3.8a)

+

J

U(r)

=

=

(02/Oxiaxj

fd3r'

1]/(47r)IEI

Here, the term containing El(r) is the first order approximation to the solution and the term containing E2(r) is the
second order approximation.
Alternatively, the simplest solution of the integral
equation would be to substitute the zeroth order electric
field (i.e., the incident electric field) into the integral and
iterate. The first approximation in this scheme is actually
the Rayleigh-Debye result (Acquista, 1976), as we will
show later. For a long cylinder, the convergence of such a
scheme is slow, while for the Shifrin approach, which
employs the internal solution for an infinite dielectric
cylinder in a uniform electrostatic field, the convergence
is improved considerably for long cylinders. In fact, L. D.
Cohen, et al. (1983) have shown that convergence is
greatly enhanced for cylinders with an aspect ratio
(length to diameter ratio) of 20 or greater, with the first
order approximation yielding an accuracy of better than
1%, for (e/,)
1.5. [In the case of HbS polymers,
(e/es) = 1.27, as shown in the Appendix, which should
allow the same accuracy with much smaller aspect
ratios.]
The static polarizability for an infinitely long dielectric
cylinder was used in this approximate scheme to obtain
El (r), the jth component of the total electric field in terms
of ECffj(r), the components of the effective polarizing field
inside the cylinder. Using the Cartesian coordinates in the
cylinder coordinate system, this relation is:
El(r)

Ei=

-

u(K)

=

-

Vf (0, 4),

(3.13)

where V is the volume of the cylinder, and wheref (0,4) is
given by Eq. 2.12 for a general cylinder or by Eq. 2.15 for
a thin cylinder. For a long, thin rod, the factor f (0,4)
again restricts scattering to the plane perpendicular to the
axis of the cylinder, as in Sec. II for Rayleigh-Debye
scattering, so that only rods for which
0 7r/2
-

Voum
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contribute to the scattering intensity in that direction.
The total scattered field in the first order approximation
may thus be written as
Es = k21(m.2 _1)/(47rr)I
[exp [i(kor W0)] Vf(O, 4)EOTpShiffineI,shifrin,D (3.14)
where the polarization factor TpShiffneps hifngiven in Eq.
3. 10, for a long thin cylinder now becomes
.

-

ep,ShSiffn =-[cos

0

cos (4)

y)(A- /Al,)]e
+ sin (4 - y) e.

I/Tpshifr (3.15a)

the incident light, as in Eq. 2.18 may thus be written from
Eqs. 2.8, 3.14, and 3.15 as
(Y/IO)Shifrin

+ E25)/E2
[k4(m2- )2/(47rr)2] V2f2(0, 0)
. (cos2 0 cos2 (4
y)(A_Lc/An1)2 + sin2 (4)-)I.

(E2
=

-

(epshifrin

=

=

Tp,shif,i

{cOs2

0

cOs2 (4

)(A-c/AIc)2

_-

+

-

y) I/2. (3.15b)

=

(3.16)
Aic 1.
A, 2/(m. + 1);
For initial polarizations either completely parallel to the
scattering plane (-y
0) or completely perpendicular
to that plane (y- = r/2), the scattered Poynting
vector becomes:

{(A,c/Ajj) cos2 cos2 (4-y)
+ sin2 (4)
y)Iep,,RD/(TpShifirin TPRD) (3.20)
0

and the rotated component is given by
(eps,hifrin)RD-Rot

-

ep,LRD)ep,fLRD
{cos 0 cos (4
y) sin (4 -y)

(eMShifin *

=

=

[1

-

-

(V/IO)Shifrin,RD-Po1 [k4(m2

+ sin2

[k4(m2

(V/IO)Shifrin,RD-Rot

Icos

0

cos
*

) |e
(A,IA
)

(3.17)

where the factorf 2(0, 4) contains the restriction that only
cylinders whose axes are perpendicular to the scattering
plane can contribute to the scattering intensity.
If we assume that the polymers are all long compared
with the wavelength of light, then
Xc and the
polarization of the electric field reduces to
ep.Shifri

{(ALc/Anc)

cos 0 cos

+

-)el
sin (4
'y)e,j/Tpshi5nn (3.18a)

=

{(A±L/AIc)2

cos2 0

COS2

(

-_)
+ sin2 (4

_

_

1)}l/2 (3.18b)

The normalized intensity for an arbitrary polarization of
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1)2/(4irr)2] V2f2(0,

(4

[

y) sin (4

-

-

4)

y)

(A_Lc/Anc)J2/(Tp,RD )2.

-

(3.23)

(U/IO)Shifrin,unpol = (1/2)[(k(ma 1) /(4rr)2]
-

V2f2

(0, O){(ALc/An,)2

(Y/IO)Shifrn,RD-Pol.unpol = (1/2)[kl(ma2
*{(Ac1/AIC) COS2

(V/O)Shifrin,RD-Rot,unpW (1/8)[k4(Ma2
=

-{cos

0[1

1)

0

+

cos2

0

+

i1

(3.24a)

2/(4irr)2]V2f2(0 )
112/( TP,RD)2; (3.24b)

1)2/(47rr)2] V2f2(0, 4)
(3.24c)

(ALc/An0)]j2/(TPRD)2.

In order to compare with Rayleigh-Debye scattering, we
make the approximation ma 1, and then Eqs. 3.19 and
3.24 reduce to the same results as in the Rayleigh-Debye
method, as given in Eqs. 2.18 and 2.19. Thus, the main
difference between the Rayleigh-Debye and Shifrin
results is in the direction of polarization of the scattered
light, for linearly polarized incident light, when ma is not
'

and
Tp,shifn

y)I2/(TTpRD)2 (3.22)

-

For unpolarized (natural) incident light, or for randomly
oriented polymers within a plane, one must average over
all angles 'y, yielding the results:

(4

-

(4

()-y)

and for the rotated component is given by:

'l\(lkO(m 2 1)2\
Ssl
(47rr)2

(0,0)| (EIEO

cos2 0 cos2

* I(A±c/Ai)

(S51

Jo Vf2

(3.21)

1)2/(47rr)21 V2f2(0, 4O)

-

=

*

cos2 0

eps,LRD/(TTpShifri, TP,RD).

(ALc/AC)J}

The normalized intensity for the polarized component
is then given by

-

=

2)

ep,,RD)ep,RD

*

-

sin2 (4

Note that the scattered field is not, in general, in the
direction of the incident field for 0 0, as it was for
Rayleigh-Debye scattering (see Eqs. 2.3 and 2.10). However, when A,C = A i, p Shifngiven by Eq. 3.15 reduces to
the polarization direction ep,,RD as in Eq. 2.10 for Rayleigh-Debye scattering. The polarization factors ALc and
Anc, in the limit of a long thin rod, assume the simple
form:

2E

(3.19)

This may be decomposed into components parallel (polarized component) and perpendicular (rotated component)
to the polarization of Rayleigh-Debye scattering, using
Eq. 2.10 and 3.18. The polarized component is given by
(ep,Shifrin)RD-

and

1
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very close to unity. The deviations of the relative index of
refraction from unity for sickle hemoglobin polymers are,
in fact, sufficiently large to produce large measurable
effects, as we will see in Sec. V.

axes are given by
{IIC|
VEsLc

2e311/4

(TIc

(27rkp)"/2

T2EoELC

(4.5)

where
IV. MIE SCATTERING APPROACH FOR
AN INFINITE CYLINDER

T, bo + 2 E bj cos (i O.)

(4.6a)

T2= ao + 2 Ei

(4.6b)

=

j-1

For an infinitely long cylindrical particle, an infinite
series expansion solution can be found by solving Maxwell's equations and corresponding boundary conditions
by using the same approach as for Mie scattering from a
sphere (van de Hulst, 1981; Bohren and Huffman, 1983).
The approach begins with Maxwell's Equations, i.e., Eq.
3.1, combined with V * E = 0 and V H = 0, assuming
that dielectric functions both inside and outside the
particle are isotropic. Then both E and H satisfy vector
wave equations of the form
V2E + k2E

=

V2H + k2H

0,

=

where k is the local propagation vector, with k2 Ew2/c2,
and e is the dielectric constant either inside or outside the
particle, as given in Eq. 3.4. Two new vector functions M
and N are introduced, and these are defined in terms of a
scalar function i& and an arbitrary constant vector c by the
forms
=

so

that V

x

M

=

N

=

V2M

V

x

(c),

N

=

(V

x

M)/k,

(4.2)

kM. Then one finds that
+

k2M V
=

x

(j Ow),

where the direction of propagation of the incident wave is
along the positive x-direction in the cylinder coordinate
system. The coefficients are given by (Bohren and Huffman, 1983):
aj

=

{[Dj(m.)/ma + j/a]Jj (O3)

-

{[Dj(m,8)/ma + j/#]Hj5')(i3) H/(')(#)1,
-

bj= {[maDj(ma) + j/1]J()

(4.1)

0,

aj cos

J-1

{[maDj(mfi)

+

-

(4.7a)

J

j/f]Hj')(fl) H(')(1)I,
-

(4.7b)

where

Dj(#) Jj'(O)lJj(#).
=

(4.7c)

Here Jj(x) is the Bessel function of the first kind of
integral order j, and Jj(x) is the first derivative of Jj(x)
with respect to x. Hj')(x) is the Hankel function of the
first kind, chosen such that the scattered wave is an
and : = koa, where a is the
outgoing wave for p
When the radius of the
as
before.
radius of the cylinder,
that
small
,3 << 1 and mfi << 1, then
cylinder is sufficiently
the coefficients reduce considerably in complexity, so
that
0,

[c(V24' + k)2

(4.3)

so that if the scalar function A1 satisfies the scalar wave
equation (V24f + k2, 0), then M satisfies the same
vector wave equation as do the electric and magnetic
fields in Eq. 4.1. When written in cylindrical coordinates
(p, 6C, ZC), with the zc-axis along the length of the cylinder
as in Fig. 1, the solutions are of the form
=

41. (p, Oc, zc)
where the Zn(p)

=

Zn(p)

ein°ceibzc

(n

= 0,

±

1,...), (4.4)

are Bessel functions of the first and
second kind, J.(p) and Yn(p), of integral order n. Vector
cylindrical harmonics M and N are next generated in
terms of these functions by combining Eqs. 4.2 and 4.4.
The electric and magnetic fields, both incident and scattered, are then written as expansions in terms of these
vector cylindrical harmonics. The usual Maxwell boundary conditions are employed to determine the unknown
coefficients in these expansions. Finally, for large distances from the cylinder, kr >> 1, the asymptotic forms of
the fields are found.
For normal incidence on the cylinder, the scattered
fields polarized parallel and perpendicular to the cylinder
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a0 o

i7rf34(m2

-

(-i7r21/4)(m2

-

-i7r/32(m2

1)/32, bo

1)/4,

1)/(m2 + 1),

b, -i7r14(m2 - 1)/32. (4.8)
We have listed only these lowest order coefficients, since
the higher order coefficients are higher order in f,. To
lowest order, up to and including p2, the amplitude
scattering elements become
T1

-bo,

T2

t-2aIcosO,.

(4.9)

In this lowest order, the scattered Poynting vectors, or the
scattered per unit area, for incident polarizations parallel and perpendicular to the cylinder axis, in
the Mie scattering method, are given by:
average power

(IS

=

(e/p)
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(4.10)

L-

where
(

) =

Io(2a)(ir#3/l6)(m 2-

(4.11)

1)2([4/(M2 + 1)2])

cc,

so

rim Lf2(6, <;)
-

In the Shifrin method, as outlined in Sec. III, the
scattered intensity has been found in spherical coordinates for a cylinder of finite length Q, and the reference
polarizations were found with respect to the scattering
plane, rather than to the cylinder axis. In order to
compare these two methods, we will start with the Shifrin
expressions, take the limit as Q approaches infinity, and
convert to the cylindrical coordinates of the Mie method.
- 7r/2, for light
Since for long cylinders, r
polarized parallel to the cylinder axis, y =
-7r/2,
while for light polarized perpendicular to the cylinder
Then for scattered light polarized
axis, -y Xc + 7r/2
initially either parallel or perpendicular to the cylinder
axis, epsShrifn from Eq. 3.15 reduces to the forms
(4.13)

e.LC = -e.1.

The scattered Poynting vectors for the two polarizations
parallel and perpendicular to the cylinder axis in the
Shifrin method then become

lim (2{1

=

(2/27r)#.Lf2(0, k)(er/r2) (u

2

-

(k0Q/2) sin 0 cos (q5 - Xc ) = (l .L/2)(zc/r)

(4.15a)

and the factor cos2 0 in Eq. 4.14 becomes
0

=

(p2/r2) cos2 0,,

zc

=

=

p cos

zc;

Oc;

Yc = p sin 0,;
r2

=

p2 + Z2

In order to compare the result obtained from the Mie
scattering method with that obtained by the Shifrin
method, we compare the energy scattered into an area dA
at a distance r from the sample, i.e., we compare SShifrin er
dA with SMiC. ep dA, where dA r2 sin 6d0d4
p d0, dzc.
If we assume thin cylinders, we can easily take the limit as
-

=

(4.16)

2wrb(#zcr) (27rr/#b(z,),
-

where b(z) is the Dirac delta function. Thus the limiting
form for long rods of the energy scattered into an energy
dA, as calculated by the Shifrin method, becomes
er)
r2 sin OdOdo
lim (s;
XG
SS,-Lc . ersin
re~/(hifrin

LC

[96(zc)Ip]pd0cdzc

(4.17)

u1C

Uic CS

c,

b(zr)g(p) for any function g(r). This
that the Mie scattering result is actually the
energy scattered per unit length of the cylinder, as seen in
the plane z 0. If we multiply Eq. 4.10 by the length Q
and by the delta function 6(zc), then we see that the lowest
approximation for a thin cylinder at normal incidence,
starting from the Mie scattering method, yields the same
result as the Shifrin method, i.e.,

since

b(zj)g(r)

=

means

=

)

[Q5(zc)/p]p dlcdzc

2U)'

(418)

Therefore, we see that for long thin cylinders, the Shifrin
method provides a solution that is as accurate as the Mie
approach. For this reason, we will use the Shifrin method
in Sec. V in calculations of light scattering from an array
of HbS polymers.

V. APPLICATION TO SICKLE
HEMOGLOBIN POLYMERS
In order to illustrate the advantage of the Shifrin method
the Rayleigh-Debye method, we now concentrate on
sickle hemoglobin and propose two experimental configurations for a solution of sickle polymers for which our
calculations are applicable. In both of these configurations, we assume that all the polymers are long thin
cylindrical particles, as discussed in the previous sections,
all of the same radius, and that the polymer concentration
is sufficiently low that the distance between adjacent
polymers is large compared with the wavelength of light.
In both cases, we assume that the incident light strikes
every polymer perpendicular to its axis. In the first
configuration, shown in Fig. 2 a, all the polymers lie in

over

where
Xc

[(,3z,/r)L]/[(#z,/r)2L])

(4.14)

)

Q/a, the ratio of the length to radius of the
where
cylinder. We first convert to Cartesian coordinates, as
shown in Fig. 1, with XT along the length of the cylinder,
and then make the replacement XT z, and z - -x, in
order to convert to the coordinates of the cylinder. The
relevant quantity inf(0, 4), given in Eq. 2.17 for thin rods
at normal incidence, then assumes the form

cos2

cos

-

L r-X

(I

Bishop

{sin2[(13z,/2r).CL]/[(fz/2r)2L] I

4.

ep,ic = e5L,

)

-

lim

-

=

(

that

=
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FIGURE 2 Models for light scattering in which (a) polymers lie in
stratified planes, with the incident beam normal to the planes and (b)
polymers are aligned within a capillary, with the incident beam perpendicular to the axis of the capillary.

striated planes, such that the incident light is perpendicular to all the planes and thus to the axes of all the
cylindrical polymers. The polymers can either be oriented
all in the same direction or oriented randomly within each
plane. In the second configuration, we assume that all the
polymers are aligned within a capillary tube, where the
light is incident normally on the capillary tube and thus
on the polymers, and we measure scattering at angles 0
around the capillary, as shown in Fig. 2 b. This was the
experimental setup used by Kam and Hofrichter (1986)
in their study of inelastic light scattering from HbS
polymers, although in that experiment the concentration
of polymers was too high for our theory to be valid.
Before we present the results of calculations comparing
the Shifrin and Rayleigh-Debye methods, we will calculate the theoretical limits of applicability for the
Rayleigh-Debye method, as presented in Sec. II, i.e.,
Im - 1I << 1 and kod Im - 1I << 1, where d is a characteristic linear dimension of the particle. As shown in the
Appendix, for a concentration c 40 g/dl, the ratio of the
index of refraction of hemoglobin relative to its surrounding solution is ma 1. 13, so that ima 11= 0. 13, which is
nearly out of the range of limitation of the first condition.
The diameter of an Hb polymer is d 200 A (Dykes et
al., 1979) so that for a wavelength Xo 5,145 A (Ferrone
et al., 1985a), the quantity kod ma II evaluated with
this diameter yields a value of about 3 x 10-2, which is
well within the range of validity. However, for polymers
that have aspect ratios of 20, L 4,000 A, which means
that koL Im II 0.7, definitely out of the valid range.
For an aspect ratio of 100, the situation is even worse,
since L 20,000 A and koL Im
3. We will show
that for cylinders long compared to the wavelength of
light, because of the breakdown of these conditions for the
validity of the Rayleigh-Debye approach, the differences
between the two methods can be significant, both qualita-

tively and quantitatively. By contrast, for aspect ratios of
20 or greater, the Shifrin model, as presented in Sec. III
and applied to polymers long compared with the wavelength, works well.
In Fig. 3, we plot two orthogonal components of the
intensity of scattered light versus polarization angle,
calculated by the Shifrin method. The upper solid curve is
the component of light scattering from aligned polymers
polarized the same as Rayleigh-Debye scattering, calculated from Eq. 3.22 of Sec. III, and the lower solid curve,
magnified by a factor of 100, is the rotated component,
calculated from Eq. 3.23. The upper and lower dashed
curves are the corresponding results for randomly
oriented polymers within planes perpendicular to the
incident beam, or, equivalently, for unpolarized incident
light with any configuration of polymers within the
planes, or for unpolarized light incident on aligned polymers within a capillary tube. These were calculated from
Eqs. 3.24b and 3.24c. Results were normalized by the
magnitude of Rayleigh-Debye scattering at (4' y) = 00,
the angle at which the electric field is parallel to the
aligned polymers. If the two methods produced identical
results, the component of light scattering calculated by
the Shifrin method that is polarized parallel to that of
Rayleigh scattering should be unity for all polarization
angles, and the rotated component should be zero. However, note that when the polymers are aligned, the Shifrin
method gives a value of -0.75 for the polarized component when the electric field is perpendicular to the
cylinders. In addition, a small rotated component
emerges. Even for random orientations within planes or
-
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FIGURE 3 Polarization analyzed normal incidence light scattering calculated by the Shifrin method as a function of incident polarization
angle, for the scattering angle 0 of 0 or 1800, where the polymers are
either aligned or randomly oriented. The upper curves show light
scattering polarized the same as Rayleigh scattering, calculated from
Eqs. 3.22 and 3.24b, and the lower curves the rotated component,
polarized 900 with respect to Rayleigh scattering, calculated from Eqs.
3.23 and 3.24c. The lower curves have been magnified by a factor of 100.
The curves are nomalized to unity for the polarization angle ()- y) =
9Q0.
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for unpolarized incident light, the magnitude of the
parallel polarized component is reduced below that for
Rayleigh-Debye scattering, and the rotated component is

^1.

00

0.

5

nonzero.

4-)

In Fig. 4, we plot the total intensity for scattering from
aligned polymers as a function of scattering angle for both
the Shifrin and Rayleigh-Debye methods, for several
polarization angles. The solid curves were calculated with
the Shifrin method, using Eq. 3.19 of Sec. III, and the
dashed curves with the Rayleigh-Debye method using Eq.
2.18 of Sec. II. When the scattering angle is in the near
forward or near backward directions, the difference
between the two methods is the greatest i.e., almost 25%,
with agreement occuring when the scattered light is
perpendicular to the incident beam. In Fig. 5, we plot the
same quantities for either polymers randomly oriented
within their planes or for unpolarized light incident on
aligned polymers. The solid curves were calculated with
the Shifrin method using Eq. 3.24a of Sec. III, and the
dashed curves were calculated with the Rayleigh-Debye
method using Eq. 2.19 of Sec. II. Even for this case, for
near forward or backward scattering, the difference is
almost 15%.
In order to calculate magnitudes of scattered light, we
note that if we multiply the expressions in Secs. II and III
by r2, we obtain the time averaged energy scattered into
an infinitesimal solid angle dg in the direction of er, i.e., at
the scattering angles 0 and If this were integrated over
the solid angle of aperture of the detector, then this would
be the actual experimentally measured quantity. If we
assume that the polymers are long compared with the
wavelength of light, then the expression for f(0, k) given
by Eq. 2.17 peaks sharply at (4 Oj 900, and we can
use the limiting form given by Eq. 4.16. It is then most
convenient to convert to cylindrical coordinates, as in Sec.
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FIGURE 5 Light scattering incident with incident unpolarized light or
random orientations of polymers for the Rayleigh-Debye method,
calculated from Eq. 2.19 (dashed curve), and Shifrin method, calculated from Eq. 3.24a (solid curve), as a function of scattering angle 0.

IV, in order to obtain a more manageable expression for
the relative scattering intensity given by the Shifrin
method. We start with Eq. 3.19, multiply by the area
dA p dO, dzc of the aperture of the detector and
integrate over the delta function in zc, which produces the
result:
=

fflim
(I/Io) dA
L-X

d00(k'a2V/8)

=

~~~~~aperture

(M a- 1)2TpcShifri

(5.

1 a)

where
T2 ,Shifin

=

{(A/jAl)2 COS2

0,

sin2

(y

-)
+ COS2

(y

-

oM)I. (5.1 b)

=

-

o0
475

l

c

4.

^ 1.00
z o. oo

L

This expression gives the power entering the aperture per
unit incident intensity for scattering from a single polymer. Integrating Eq. 5.la over all angles 0, = 0 to 27r
produces an extinction cross section in agreement with
van de Hulst (1981), p. 316.
In order to obtain the magnitude of scattering from a
solution of polymers, we assume that, because the solution
is dilute, the intensities simply add, so that we need
merely multiply Eq. 5.1 a by the total number of polymers
in the scattering volume. This number is more conveniently expressed in terms of the volume fraction f of the
solution occupied by hemoglobin molecules (free or bound
in polymers), and the fraction tq of hemoglobin that is
bound in polymers. Using f= cO/cmax, where co is the total
Hb concentration and cmax = 127 g/dl is the maximum
concentration if the total volume were hemoglobin, as
discussed in the Appendix, f and v can, in turn, be related
to g, the fractional extent of the reaction, as
where c.

Scaftered Light from
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Scattered Light

(5.2)
M(cO-C.)/C.
19.26 g/dl at 20.30C is the solubility for the
fn =

=

921
921

solution (Ross et al., 1977) and varies from 0 to 1 during
the course of the reaction.
The number of polymers, multiplied by the volume Vof
a single polymer, and divided by the total scattering
volume V-,, is given by:

(NVI V.) = f

,

which is the fractional volume occupied by polymers. If
the scattering volume is assumed to have a cylindrical
shape of depth d, then the power Pdet entering the detector, divided by the power Pi,, of the incident beam, for
oriented polymers, is then given by:

(Pdet/Pinc)oriented

=

dOCT 2shifflf

Wd

(5.3a)

aperture

where

W=

{[(co

-

c.

)/c..](k3a2/8) (m2

(5.3b)

1).

Using the numerical values co 40 g/dl and ma 1.13, as
in the Appendix; Ao 5,145 A and d 4 ,Am, as in
Ferrone et al. (1985a); a 100 A, as determined by
Dykes et al. (1979); and t 0.1, we find that Wd 7.9 x
10-4. For a small aperture angle, one must simply multiply this number times Tpc,Shifrin, from Eq. 5.1 b, evaluated
at the angle
of the detector relative to the oriented
polymers and by the aperture angle in radians.
For unpolarized incident light, or for randomly
oriented polymers, we average over y or Xc, yielding
=

=

=

=

=

=

=

O,

(PdCt/Pinc)unpoi

=

Wd
2

dO
aperture

{(A±,/AI,)2 cOs2Oc +

1.

(5.4)

Integrating over all angles from 0 to 27r produces (P5Xt/
Pinc), the total fraction of power extinguished from the
incident beam for oriented polymers, from Eq. 5.3, or for
randomly oriented or unpolarized incident light, from Eq.
5.4:

(Pex/Pinc)oriented

=

2 Wd{( /2)(ALc/ Ai )2
* sin2 (y - XC) + cos2 (,y

(Pext/Pinc)unpol

=

-

0c)I

irWd({(1/2)(ALc/ Aic)2 +

11.

(5.5a)

(5.5b)

If A,C Alc, we recover the results for the RayleighDebye theory. Since (A,c/Ajjc) 2/(m' + 1) 0.88, this
means that, for oriented polymers, the extinction for the
incident polarization (y X )
900 is smaller by a
factor of 0.39 compared with the incident polarization
(-Xc) 0, while for Rayleigh-Debye theory, it would
be smaller by a factor of 0.5. Thus, the Shifrin method
produces quantitatively different results for the magnitude of the scattering and the extinction as does the
Rayleigh-Debye theory.
=

=

-

=

=

=
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VI. CONCLUSIONS
We have shown that for sickle hemoglobin polymers long
compared with the wavelength of light, the RayleighDebye method for calculating light scattering as a function of incident polarization and scattering angle can
produce large qualitative and quantitative errors (as
much as 25%) and that the Shifrin method can provide
accurate results. These effects should be observable
experimentally, since the shapes of the light scattering
curves, and not only their overall magnitudes, are different in the two cases. The errors are largest when the
polymers are aligned but are still significant (15%) when
the polymers are randomly oriented. Not only is the
angular dependence of the scattering in error, but the
extinction (turbidity) as well. The use of the Shifrin
method is thus essential in explaining experimental
results.
We have shown that for the special case of long rigid
polymers, the Shifrin method works as well as the exact
(Mie) approach. In addition, the Shifrin method is not
limited by all the approximations we have made in this
paper; unlike the Mie approximation, it can easily be
extended to scattering at any angle of incidence and can
be used for various shapes of particles. The method has
the most difficulty when one of the dimensions of the
particle is close to the wavelength of light. However, this
paper illustrates that the Rayleigh-Debye method, which
is used in many applications, is not valid even for a simple
system of dilute rigid polymers. It should certainly not be
extended to more complicated geometries.
The results presented here for sickle hemoglobin are
valid in the regime in which the polymers are well
separated compared with the wavelength of light, either
at the beginning of a polymerization reaction (Ferrone et
al., 1985a, b), or for polymerization occurring in high
phosphate solutions (Adachi and Asakura, 1978, 1979a,
1983). Experiments for concentrated solutions of hemoglobin (Ferrone et al., 1987; Basak et al., 1988), suggest
that polymers form first in disordered arrays, and
undergo an alignment transition. Whether or not polymers align during growth in high phosphate solutions
would provide further insight into the formation of highly
ordered domains.
The numerical calculations here were done for incident
light in a region where the absorption is low. The effects
of absorption can easily be included through the use of the
complex dielectric constant or index of refraction, where
the imaginary part of the index of refraction is directly
proportional to the absorption. Unfortunately, the only
data available for the index of refraction inside a sickle
hemoglobin polymer had to be extracted from measurements of a solution of hemoglobin using a broad band red
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spectrum (Rossi-Fanelli et al., 1961; Jones et al., 1978),

shown in the Appendix. In order for the calculations
presented in this paper to incorporate properly the anisotropy in both the real and imaginary (absorption) parts of
the index of refraction, measurements of index of refraction as a function of orientation need to be done on single
crystals of deoxyhemoglobin, as a function of wavelength
throughout the visible range.
Further theoretical work on light scattering in dilute
solutions of sickle hemoglobin polymers is in progress.
This includes extensions of the present work to different
lengths of polymers and to incident light at an arbitrary
angle relative to the polymers. Other work is concerned
with the changes in the effective dielectric constant of a
hemoglobin solution due to the presence of polymers,
which for higher concentrations must be included in the
estimated value for the dielectric constant surrounding a
polymer that scatters light.

embedded in the effective medium, then

as

PH

=

(3/41x)V(EH

where Vis the volume of the molecule and Eo is the electric field far from
the molecule. A water particle embedded in the same effective medium
would have an analogous dipole moment, Pw, which can be obtained
from Eq. A.2 by replacing all H subscripts by W, assuming that a water
particle has the same volume as a hemoglobin particle. If Eo is then the
average field in the effective medium i.e.,

(A.3)

Eo = EmEext,

where E%t is the externally applied electric field, then all deviations from
this must average to zero. This means that the dipole moments of all
particles embedded in the effective medium must add to zero i.e.,
fPH + (1

or,

-f)PW

simplifying and writing in terms of ew,

f (EH

-

'm)/(EH

+

=
H,

(A.4)

0,

and em,

2Em)

+ (1 -f )(Ew - Em)/(Ew +

APPENDIX

Dielectric constant for hemoglobin
Although the dielectric constant EH inside a sickle hemoglobin polymer
in the optical spectrum has not been measured, its value can be extracted
from data for the index of refraction nm of a solution of hemoglobin
monomers. This quantity was measured as a function of concentration c
of hemoglobin using a broad spectrum of red light, with the result
(Rossi-Fanelli et al., 1961; Jones et al., 1978):
n

=

where nw 1.334 is the index of refraction of water and ,3 0.00197
with c in g/dl. A solution of hemoglobin can be considered to be a
composite medium consisting of hemoglobin particles and water particles. Given the dielectric constants inside both types of particles,
effective medium theories predict the effective dielectric constant of the
medium, or the dielectric constant of a uniform medium that would have
the same optical properties as the composite medium. In our case, the
=

=

dielectric constant,

e,- n2

,

of water is known, and

so

is the effective

dielectric constant of the composite medium i.e., Em n4. The unknown
is thus the dielectric constant EH of hemoglobin, which can be obtained
from the theory for the effective medium. In order to accomplish this in
practice, we employ Bruggeman's symmetrical effective medium
approximation (Bruggeman, 1935; Landauer, 1978). This is superior to
the Maxwell-Garnett approximation because it is applicable to high
concentrations of hemoglobin (i.e., large volume fractions), whereas the
Maxwell-Garnett approximation would only be valid for low concentrations (small volume fractions) (Maxwell-Garnett, 1904; Landauer,
1978).
This approximation requires that the dipole moments of all the
particles comprising the effective medium, in which each particle is
assumed to be embedded in the effective medium, must sum to zero.
Suppose we consider a solution of hemoglobin monomers to be composed
of spherical hemoglobin particles of dielectric constant EH and of
spherical water particles of dielectric constant ew. Suppose further that
the hemoglobin occupies a fraction f of the solution, and the water a
fraction (1 -f ). Then, if c is the concentration of the solution, and c,.x
is the maximum concentration if the solution were totally hemoglobin,
then f c/cm.. If pH is the dipole moment of a hemoglobin molecule
=

=

Bishop
Bishop

2em

) = 0.

(A.5)

The known quantities in Eq. A.5 aref, (m = n, and ew. This equation
then allows us to determine the dielectric constant EH inside a hemoglobin molecule. In order to extract this value, we first solve for em to first
order inf, for the case that the concentration of hemoglobin is low, with
the result:
Em

wtW +

[3ew (EH

-

If we square Eq. A. 1 and make the
similar form:
W

(m

(A.1)

nW + 3c,

(A.2)

Em)/(EH + 2(m) Eo,

-

Ew

+

EW)/(EH
same

+

2Ew)]f.

approximation,

w{W[1 +

we

(4/3)#cm x/nw]I/[1

-

obtain

a

(A.7)

[2fcmax,Ew]f.

If we now equate coefficients of f in Eqs. A.6 and A.7,
following expression for EH:
EH

(A.6)

we

obtain the

(2/3)Ic.nax/nw]I,

(A.8)

where, as before, Ew nm.
In order to evaluate Eq. A.8, we require a value for c,,, the maximum
concentration of hemoglobin, which can be obtained from the specific
volume, V 0.79 cm3/g. This value has been determined by fitting the
monomer activity coefficient with a theoretical expression for the
activity coefficient for monomers in powers of the concentration (Ferrone et al., 1985b; Minton, 1983; Ross and Minton, 1977; Ross et al.,
1978; Sunshine et al., 1982). In this case, c. (1/V) = 127 g/dl,
which yields a value of
2.54.
In order to study light scattering for a polymer immersed in a solution
of hemoglobin, we actually require the ratio of the dielectric constant of
hemoglobin to that of the solution i.e., EH/Em. The results of calculating
Em from Eq. A.5, with
2.54 appear in Fig. 6. For c = 40 g/dl, =
2.00, so that EH/Em 1.27 or nH/nm ma = 1.13. This is the value that
has been used in the light scattering calculations of Sec. V.
The calculations that we present here were performed with the
assumption that the effects of absorption can be neglected, so that the
dielectric constant and index of refraction have been assumed to be real.
In the presence of absorption, since the index of refraction is complex,
n = nR + in,, with the absorption coefficient -y directly proportional to n,
i.e., y 47rn1/X, where A is the wavelength (van de Hulst, 1981, p. 267).
Using values for the absorption coefficients of hemoglobin crystals
(Eaton and Hofrichter, 1978), we find that for X = 5,145 A, y 250
cm-' and n, 10-3 and for A 4,300 A (the peak of the Soret band),
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FIGURE 6 Dielectric constant (m for a solution of hemoglobin monomers as a function of concentration. On the graph are shown the values
obtained for the dielectric constant, EH = 2.54, inside a hemoglobin
monomer and for the effective dielectric constant of the solution (m =
2.00, for a concentration c = 40 g/dl.
=104 cm-' (for E ||c* axis) and n1 0.03. For X = 5,145 A, n, is small
compared with nR = 1.59, so that it can be neglected. However, at the
peak of the Soret band, n, is sufficiently large that it should be included.
This extension will be considered in future work.
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